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Propagation Matrices from the Finite Element Method
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Optimization of action integrals is suggested as an alternative to initial value algorithms for the study of
time-evolving quantum systems. The finite element method provides a convenient and rapidly convergent
scheme for some simple cases where analytical solutions are available. Two level systems are given particular
attention.

Introduction Auxiliary vectors|ADserve to define the evolution operatdr
The variations of the actio® and conditions of stationarity

Examination of the options offered by the finite element . )
imply the equations

method, as a means of estimating the evolution of quantum
mechanical systems, is the subject of this article. An action

integral is defined and its optimization provides an alternative ihﬁpp(t)[p— HWYtO=0
to time-stepping algorithms and provides a quadratic conver- ot
gence toward the accurate result. Thus, inaccuracies in a state W)= [AO W(T)= |ALD
vector affect the propagator only in second order.
Molecular change, which is the essence of chemistry, derives |W(T)C= U|AO [W(0)= U'AO 3)

from quantum mechanics in the time domain. Approximate

solutions to Schidinger’s and Liouville’s equations are desired, that are the standard ones.

and a rich literature has evolved on different algorithms. Kosloff |+ \vill be assumed that an approximate state vector is defined
reviewed the field well in 1988and later developments are  , torms of parameters, which are functions of time. A common

represented in this issue, so no attempt is made here to crealgy iy s the linear one where a fixed basis in the relevant Hilbert
a survey of the methods favored at this time. An algorithm based space is used

on the time-integrated Lagrangian formulafiamas suggested
in 1992 as a means of effective application of the finite element

method and is reconsidered here in further detail and with WOL= ZJ“@i(t) (4)
additional results on convergence properties and computational
feasibility. More involved are the forms where the state vector depends on

The action integral and the basics of the finite element method general parameters
representation are presented in the next section. There follows

a section with a few elementary results and a fourth section [Pt 0 (t),0,(),...]0 (5)
with application to a two-level problem as in a spin resonance
situation. Conclusions are given in the last section. such as the coherent state representations usedhby &nd
) collaboratorg.

Action Integral We consider first the linear case and introduce a finite element

Schralinger's picture with a time-dependent state vedtéf, representation for the time dependence of the amplitaggs
(t)C)will be used and the symmetrized Lagrangian is formed as in terms of their values at a discrete set of times:
L) = @BJ (t)‘alp(t) @B‘p(t)‘m(t)ﬂ (0 = > i gtIh(®)  filt) = Oue

2 ot 2- ot 0=ty <t <..<t,=T (6)

WOHO WD)
where the form functiortsare localized on a few intervals which
so that the action integr&, with the boundary terms will be may have varying lengths. The set of amplitude{_{tk)} are
the variational parameters of the problem together with ampli-

T ih - - tudes of the auxiliary states at the beginning and end of the
SWA) = n/:J dtL () + ZS{FMIALD AW (D time interval
WO ATH A W(O)TH AJUIAT- DUTIALT (2) .
A= Zj“ M, =0T (1)
TE-mail: bjorn@kemi.aau.dk
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« [0 1].-4f0 1
s= zmﬂwm@mw RS [Ty — bra (M - =L 5] (15
a’(0)by, + bpay(0)] + 2 i[0rU;b0 — bl UJ‘JL bi1] (8) This implies that for a solution to eq 13
and optimization results in a matrix problem. The detailed T EO]= [go]z (16)
equations are 0 0
i it holds that
2P0 b= b 01 a,]_ [bol1
Mo _ -1 _|Mo|l
> A (t) =4 0. i(;i b= T’ ©) T [ao]_ [1 O]T [bo]_ [ao]z
- _bjTa = .
2 or, equivalently
(0)=S . Ulb.T 1
30= 2 by [0} aIT = 2{b} &) 18)
(M) = ;U;b0

Two possibilities arise from this relation: (z) = 471 where

Matrix elementsAy i andUj are complex and the matricas & “normalization” can be chosen so that

and U are hermitian and unitary, respectively. It has been + T
implicit that the basis is orthonormal. bOJaOi + aOJ'bOJ =£2 (19)
Elimination of the amplitudes at intermediate times from eq

9 reduces the system to a form that, in matrix notation, reads 2"d (i 7 = 7, wherepj indicates a permutation of the set of
as indices and where we choose the “normalization” such that

. . T T — t _
Ropo+ Aga =M. A a +A a =i Bojaop; + 8gPop; = Popigj + BgpiPg = 2 (20)
n 2 ’ ol nn 2 n . ) . ) )
—U'b.: a, = Uby; (10) It is recognized that these eigenvalues are spurious in the sense
8 n o that their magnitude differs from unity and cannot correspond
to proper values of a unitary matrix. Their occurrence is related
to large time steps in the finite element discretization. A form

of orthogonality holds for eigenvalues that are unrelated

bOJaOK + aOJbOk 0 z= Z, (21)

The case of degenerate eigenvalues offers the possibility that
there are two or more linearly independent vectors in the
subspace, but there will be a linear transformation among them
B B iA ih which brings them to the fulfill the conditions of eqs-121.
AoPo T AmboeZ = 5o Aot Anbz=— %z (12) There are twice as many eigenvalueJads there are of the
unitary transformatiotd. Vectorsap,bg represent approximations
which implies the eigenvalue equation to an initial state and should be close to parallel, thus we choose
those solutions which have a positive “normalization” value in

where the reduced matrices refer only to the initial and final
times. A satisfactory, partial solution to this problem is obtained
by looking for eigenvectors of the unitary transformation

Ub,=byz U'b, = bz = b(%) (11)

so that

2i ~ 2' relation (eq 19) as being the ones giving the appropriate
Ano 0 a, ay representation fod. Solutions of the type considered in eq 20

[ ] [ ] (13) require a reconsideration of the procedure from the start. We

ﬁAoo 1 0 - _Ao will first establish the relation between the vectfeg;,bglj =

1,2..} and conclude, from the set of eq 10 that

The reduced matri is hermitian and its off-diagonal block . )

Aon is assumed to have an inverse; a singularity would indicate Aooao, + AOn 0% = thj AnOan + AnnbOJZj = — %aoj%

a linear dependence in the basis.

Eigenvalues of the matrix (22)
1 and that
1 —%A 2 0 |
Ll PR T Loy + ZblAy =~ bl alA, + ZDYAL, = 27 a)
0 — 2% A% 4 800 ok no 2P0k oo nn— Aok
h On h 00
: (23)
i~
1 ;'A EAHO 0 % 0 14 which provides the relations
01 o hx #AOO 1| (9 tA t A t A t &
2" 0n AnAocBo T ZboAnodg T aAonboZ T ZbaAnbgz =
L iR
have unit modulus|z| = 1, or come in pairsz' = z ", since ihoy; — S bodg(1+ Zz) (24)

the inverse ofT is related to its adjoint through a similarity
transformation and the conclusion
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bgkaoj =0y Tl Ly=Lj (25)
where the new, hermitian matrix is a transformation of the
hermitian matrixA. Neither set of vectord,aglj = 1,2..} nor
{bglj = 1,2..}, is an orthogonal basis set for the unitary
transformation nor are they normalized.

A constrained optimization is required in order to arrive at
an acceptable representation of the propagation matrix is
necessary to make the vect@gandbg of eq 13 proportional
to a common one

8y =Cox by = Cyl (26)
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and use the consistency of the two components of the equationgjgyre 1. Approximations to the evolution operator phase from finite

to determine the ratio of to A. The constraints (eq 26) lead in
the system (eq 10), with substitutions (eq 11), to the forms

ih ~ ~
_;LCO (AnOK + AnrﬂZ)CO =

ih
> — SKZC,

(Ao + AghA2)co = 2
(27)
which are combined to the hermitian eigenvalue relation
(kK Agg + ik*Ag Az + 22 A% A i + 22 A% A, J2)c, =
%(K*l — Z*A*k2)c, (28)
Only the ratiok/A is relevant, and we repladewith 4 according
to
Az=u (29)
to obtain
(" Aggre + ie* Aguit + 1" A e + u* Aia)Co =
Bz - uric)cy (30)

which exhibits the relation between the phase of the unitary
matrix eigenvalue and an eigenvalue of a suitably time-

element method calculations for a constant energy case. The normal
line represents the correct result wherés proportional to the time
elapsed. Variational results are, from the top, for two pieces of linear
interpolation, parabolic interpolation, and the linear wave function
choice on the interval.

state under a constant or periodic Hamiltonian is governed by
the energy function

E(t) = E(0) cos(t) (34)
so that the evolution operator is
U(t) = U(0) exp{— % sin(wt)] (35)

The static case is the limit at zero frequengeyAll integrals in
the action integral are elementary, and the matrix problem for
the wave function amplitudes is tridiagonal and readily solvable.
We show in Figue 1 a comparison of three approximations
to the phase of the evolution matrix for a constant energy state
and the accurate result: a linear interpolant over the interval,
two pieces of linear, and a parabolic interpolant. All are quite
accurate as long g@s= |E(O)t|/h < 0.5 and there is no advantage
to the more elaborate approximations for larger intervals even
though an error analysis shows that for sngaltrrors occur in

integrated Lagrangian. It is seen that only the phase of the ihirq "fifth, and seventh order, respectively. One pays for the

product«* u and one of the magnitudeg or |«| are numerically
relevant. Thus it is convenient to choose
il = |l =1 (31)

Eigenvalues of the matrix on the left-hand side in eq 30 will be
functions of the two real parameters and are denotes{:a8)
and it follows that

2= EJH — lcu) + is i)

and, with properly normalized eigenvectors, the propagation
matrix is

(32)

U= cozcy (33)

while there remains to resolve the appropriate values of the

parameterg andu.
Optimal choices of the parameters will be studied further as
more numerical experience is acquired.

Integrable Examples

Two cases are examined with the view of showing the
numerical stability and accuracy of the variational formulation
in the finite element implementation. The evolution of a single

accuracy at small intervals by decreasing the range of ap-
plicability of the formulation; the analytical solutions have
branch points for smaller parameter values for the higher order
forms.

Numerical calculations have been carried out for the oscil-
latory form (eq 34) and the results are given in Figure 2.
Parameters and units are chosen so @) = Aw and
integrations are for the interval whereOwt < 5. Piecewise
linear approximations are used on equidistant intervals. Rapid
convergence is observed with the number of time steps. These
findings hold for longer time lapses, and there is no propagation
of errors as might be the case in finite difference stepping of
an initial value; the variational formulation optimizes the
propagator and not the wave function.

A Matrix Propagator

Additional complications arise in a system with several states
as is evident from the formal development. An examination of
a two-state system is facilitated by the use of the Pauli spin
matrix basis and we express the Hamiltonian as

H(t) = a()ap + B(Doy + B, (Do, + B0, =
o) + 8L Bt —iB,(1)

B T i) a(t) — 1) (36)



9478 J. Phys. Chem. A, Vol. 103, No. 47, 1999

U(6,0)=exp(i*phi)
0.964

0.963 [

0.962 |

0.961

phase/rad

0.96

0.959 L.

0.1 0.2 0.3
dt

0.4 0.5 0.8

U(5,0)=exp(i*phi}
0.964

0.963

0.962

0.961

phase/rad

0.96

0.959

0.958

20 40 60 80 100

integration points

120

Figure 2. Display of approach to the accurate evolution operator phase
value for the function (eq 35) with finite element method equidistant
interval length, upper panel, and number of intervals, lower panel for
total interval 0< ot < 5.

in terms of real functions of time. For simplicity we consider
only one interval with linear interpolants for the state vector

alo(l )+a11_|_
azo(l )+a21_|_

Time integration over the Hamiltonian results in the forms

() = (37)

j;Tdta(t)(l - %)2_”(%)" =a) n=012 (38)

where an additional notation is introduced. The relevant matrices
in eq 10 and the following are then

00— OL(O)OO + ﬁx(o)ax + IBy(O)Uy + ﬂz(o)oz
%] 00+ B + B,(L)o, + B L),
1= a(z)ao + ﬁx(z)ax + IBy(z)ay + ﬂz(z)az

It cannot be assumed that the vect§X0), 3(1), 8(2)} are
parallel and thus there is no basis which diagonalizes all three

Ay = ’a(l) + (39)

Jensen and Linderberg

as
= [a + hsin@)lo, + B0 + Byo, + B,
a = a(0)|«| + 2a(1)cose) + a(0)|x| 2
Ku* = cosg) + isin(p)

where the average notation applies to all parameters. It follows
that the eigenvalues are

(40)

s, (ku) = @ + fisin(@) = || (41)
and the unitary transformation comes as

which can be reduced in the case of a constant Hamiltonian to
be of the similar form as the one state problem dealt with in
the previous section.

Conclusions

Development of variational methods in the time domain of
guantum mechanics promises effective numerical algorithms
when implemented in the finite element method framework. The
rather simple examples given in this article demonstrate the
feasibility of the approach and will be further exploited in the
context of control mechanisms as employed in magnetic
resonance experiment$reater challenges are provided by the
chemical reactions where the single potential surface picture
breaks down and multistate propagation is required. Such
problems are on our agenda.
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